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We are interested in ﬁnding a homeomorphism h of a space X with h−1 ◦ Φ ◦ h(A) = B
for a given bijection Φ of X and every pair of countable dense subsets A and B of X .
For a separable Banach space X , such a homeomorphism h always exists provided the
ﬁxed-point set of Φ has the empty interior. Moreover, h can be chosen to be real-analytic.
As a consequence, there exists a real analytic ﬂow that sends A onto B after time t = 1.
Actually, for X = Rn , any bounded real-analytic vector ﬁeld can be approximated by a real-
analytic vector ﬁeld whose induced ﬂow sends A onto B after time t = 1. Topological and
C p smooth counterparts of these results are also obtained.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Below we are only considering separable metric spaces.
Recently, by employing a rather involved technique of vector ﬁeld approximation, Jabłecki [7] has constructed smooth
ﬂows1 on a smooth ﬁnite-dimensional manifold M that send a countable dense set A onto another such set B at time t = 1.
He posed a few questions on whether such ﬂows can be constructed on inﬁnite-dimensional manifolds and be made real
analytic. The aim of this paper is to provide answers to some of his questions.
It took us some time before we discovered that the required ﬂow can be found as conjugation (via a certain diffeomor-
phism h) of any smooth ﬂow whose level 1 is ﬁxed-point free. This simple trick lead us to isolate the following “conjugated”
variant of the countable dense homogeneity. (Recall that a space X is countable dense homogeneous, abbreviated CDH, if
for any countable dense subsets A and B of X there exists a homeomorphism h of X such that h(A) = B . There is a vast
amount of literature on the CDH property, which we will neither list nor review at this time. We will only mention that,
according to a result of Bennett [1], a CDH connected space X is necessarily homogeneous.)
Deﬁnition 1.1. Let Φ be a bijection of a space X . Assume Φ has the empty interior of its ﬁxed-point set. We say that X is
countable dense homogeneous w.r.t. conjugates of Φ (abbreviated Φ∗-CDH), if for any two countable dense sets A and B
of X , there exists a homeomorphism h of X such that h−1(Φ(h(A))) = B .
* Address for correspondence: Department of Mathematics, Pittsburg State University, Pittsburg, KS 66762, USA.
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we must have A ∩ h−1(Fix(Φ)) = B ∩ h−1(Fix(Φ)). In particular, if A ∩ B = ∅ then int(Fix(Φ)), the interior of Fix(Φ), must
be empty. (Note that if int(Fix(Φ)) = ∅ and A ∩ int(Fix(Φ)) = B ∩ int(Fix(Φ)), we can let h = id on int(Fix(Φ)). Additionally,
should h be real analytic on a connected real analytic manifold, h must be the identity on the manifold. This results in
Φ(A) = B .) It follows that the requirement int(Fix(Φ)) = ∅ is natural if one expects the existence of h for every choice of A
and B . Thus, there should be no surprise that our proofs heavily use this requirement.
Formally, the CDH and Φ∗-CDH properties are incomparable. However, obviously, if Φ is a homeomorphism of X , then
the Φ∗-CDH property implies the CDH property. Also, for X with no isolated points, if the Φ∗-CDH property holds for every
Φ , then the CDH property holds as well. To see this let A be a countable dense subset of X and let {Un} be a basis of X .
For every n, choose an ∈ A ∩ Un and deﬁne a ‘partial’ bijection Φ by picking Φ(an) ∈ Un \ A so that if an = am then Φ(an) =
Φ(am). Extend Φ to a bijection with int(Fix(Φ)) = ∅. According to Deﬁnition 1.1, there exists a homeomorphism g such that
g−1(Φ(g(A))) = A. Now we have int(Fix(g)) = ∅. Otherwise, g is the identity on some Un and, hence, g−1(Φ(g(an))) =
Φ(an) /∈ A, a contradiction. Therefore, as noted above, applying Deﬁnition 1.1 with Φ = g , we obtain CDH for X .
In this paper we mainly consider the case where X is a smooth or a real analytic manifold, and we require that h is
a diffeomorphism or a real analytic diffeomorphism, respectively. For smooth versions of CDH see: [6,3] and [10]. Here is
how the smooth version of Φ∗-CDH allows us to construct a smooth (resp., real analytic) ﬂow which carries A onto B
after time t = 1 on a smooth (resp., real analytic) manifold, which admits a smooth (resp., real analytic) ﬂow (Φ0t ) with
int(Fix(Φ01 )) = ∅. Apply Deﬁnition 1.1 to the bijection Φ01 and obtain a diffeomorphism (resp., a real analytic diffeomorphism)
h such that (h−1 ◦Φ01 ◦ h)(A) = B . Now, the conjugated ﬂow (h−1 ◦Φ0t ◦ h) is smooth (resp., real analytic) and sends A onto
B after time t = 1. In particular, letting Φ0t (x) = x + t be the obvious ﬂow on the real line R, we infer that a real analytic
ﬂow which sends A onto B after time t = 1 exists if we are able to construct a real analytic diffeomorphism h of R for
which 1+ h(A) = h(B). The construction of such an h originated the Φ∗-CDH property.
Actually, in the above, should (Φ0t ) (t ∈ T ) merely be an isotopy (T is a parameter space) with int(Fix(Φ0t0 )) = ∅ and
should h be that from Deﬁnition 1.1 if applied to the bijection Φ0t0 , (h
−1 ◦ Φ0t ◦ h) is an isotopy that sends A onto B for
t = t0. (The existence of (Φ0t ) is crucial. As shown in [4], the Polish AR space Y constructed in [9] is Φ∗-CDH and yet admits
no nontrivial isotopy.)
2. The ‘back and forth’ technique revisited
Theorem 2.1. Let Φ be a bijection of a Banach space E such that int(Fix(Φ)) = ∅. For any countable dense subsets A and B of E, there
exists a real-analytic diffeomorphism h : E → E such that Φ(h(A)) = h(B).
That is, E has the real-analytic Φ∗-CDH property.
The proof will involve the ‘back and forth’ technique (which has been widely used in establishing the CDH property).
Hence, the required h will be constructed as the limit of a sequence {hn} of real analytic diffeomorphisms. Unfortunately,
in view of the uniqueness theorem for real analytic mappings, no hn can restrict to the identity on a set with accumulation
points. Hence, no hn can be primitive stable (that is, be the identity on an open nonempty set). Usually the ‘back and
forth’ technique is performed with primitive stable homeomorphisms (resp., diffeomorphisms) because those are easily
constructed. Fortunately, as observed in [3], the ‘back and forth’ technique is applicable if homeomorphisms hn restrict to
the identity merely on ﬁnite sets. The easiest way of constructing such a real analytic hn is to perturb the identity by a
small mapping whose zero set has no accumulation point and contains the required ﬁnite set. The following lemma, whose
proof is essentially that of [3, Lemma 1], shows that we can elementarily do this.
Lemma 2.2. Let h : E → E be a real-analytic diffeomorphism of the form h(x) = x + α(x), where sup{‖Dα(x)‖ | x ∈ E} < 1. Let S =
{s1, . . . , sn} ⊂ E and let c /∈ S (resp., d /∈ h(S)). Then, for every ε > 0 there exists δ > 0 such that for every v ∈ E with ‖h(c) − v‖ < δ
(resp., for every w ∈ E with ‖w − d‖ < δ), there exists a real-analytic diffeomorphism h¯ : E → E satisfying the following conditions:
(1) h¯|S = h|S;
(2) h¯(c) = v (resp. h¯(w) = d);
(3) sup{‖D(k)h¯(x) − D(k)h(x)‖ | x ∈ E} < ε for every k ∈ N ∪ {0}.2
Proof (Sketch). We will take on the case when c /∈ S only.
Pick a functional x∗ ∈ E∗ with ‖x∗‖ < 1 and x∗(c) /∈ x∗(S). Put
βλ(t) =
n∏
i=1
sin
(
λ
(
t − x∗(si)
))
2 By D(k) f (x) we denote the kth (Fréchet) derivative of f at x for k ∈ N; we write D(1) f = Df and D(0) f = f .
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product of sine functions by the sum of sine and cosine functions, we see that there exists a constant M > 0 such that
‖D(k)β(x)‖ M for every x ∈ E and k ∈ N ∪ {0}. Now, the requested h¯ can be found in the form
h¯(x) = h(x) + β(x)(v − h(c))
for δ > 0 smaller than ε and 1/M . 
Proof of Theorem 2.1. Enumerate A = {ai}∞i=1 and B = {bi}∞i=1. We will inductively construct towers of ﬁnite sets {An}
and {Bn} of A and B , respectively, and real-analytic maps αn : E → E such that hn = id+α1 + · · · + αn is a real-analytic
diffeomorphism of E , and
(1) {a1, . . . ,an} ⊂ An and {b1, . . . ,bn} ⊂ Bn;
(2) Φ(hn({a1, . . . ,an})) ⊂ hn(Bn) and Φ−1(hn({b1, . . . ,bn})) ⊂ hn(An); furthermore, we have Φ(hn(An)) = hn(Bn);
(3) hn|An−1 ∪ Bn−1 = hn−1|An−1 ∪ Bn−1;
(4) sup{‖D(k)αn(x)‖ | x ∈ E, k ∈ N ∪ {0}} < 2−1−n .
Inductive Construction. Deﬁne h0 = id and let A0 = B0 = ∅. Suppose that An−1, Bn−1, and αn−1 have been constructed for
n 1 so that (1)–(4) are satisﬁed and hn−1 is a real-analytic diffeomorphism.
Assume an ∈ A \(An−1∪ Bn−1) and let c = Φ(hn−1(an)). It follows that c /∈ hn−1(Bn−1). If c /∈ hn−1(An−1) and c = hn−1(an),
we set g = hn−1. However, if c ∈ hn−1(An−1) or c = hn−1(an) then, according to Lemma 2.2, there exists a function α(1) such
that, for a real-analytic diffeomorphism g deﬁned by g(x) = hn−1(x) + α(1)(x), we have hn−1|An−1 ∪ Bn−1 = g|An−1 ∪ Bn−1,
Φ(g(an)) /∈ hn−1(An−1 ∪ Bn−1), and Φ(g(an)) = g(an). Let A′ = An−1 ∪ {an}. Now, in both cases, Φ(g(an)) /∈ g(A′ ∪ Bn−1).
Again applying Lemma 2.2, we ﬁnd a function α(2) such that α(2) = 0 on A′ ∪ Bn−1 and that g′(x) = g(x) + α(2)(x) is a
real-analytic diffeomorphism with g′(b′) = Φ(g(an)) for a certain b′ ∈ B; it follows that b′ /∈ A′ ∪ Bn−1.
Let B ′ = Bn−1 ∪ {b′}. Clearly, we have Φ(g′(A′)) = g′(B ′). Now, take bn ∈ B \ (A′ ∪ B ′) and let d = Φ−1(g′(bn)). It follows
that d /∈ g′(A′). If d /∈ g′(B ′) and d = g′(bn), we set g′′ = g′ . If d ∈ g′(B ′) or d = g′(bn) then, according to Lemma 2.2,
there exists a function α(3) such that, for a real-analytic diffeomorphism g′′ deﬁned by g′′(x) = g′(x) + α(3)(x), we
have g′′|A′ ∪ B ′ = g′|A′ ∪ B ′ , Φ−1(g′′(bn)) /∈ g′(A′ ∪ B ′), and Φ−1(g′′(bn)) = g′′(bn). Now, in both cases, Φ−1(g′′(bn)) /∈
g′′(A′ ∪ B ′ ∪ {bn}). Once again applying Lemma 2.2, we ﬁnd a function α(4) such that α(4) = 0 on A′ ∪ B ′ ∪ {bn} and
g′′′(x) = g′′(x) + α(4)(x) is a real-analytic diffeomorphism with g′′′(a′) = Φ−1(g′′(bn)) for a certain a′ ∈ A; it follows that
a′ /∈ A′ ∪ B ′ ∪ {bn}. We let hn = g′′′; such an hn , together with An = A′ ∪ {a′} and Bn = B ′ ∪ {bn}, are as required in the asser-
tion. We see that hn(x) = hn−1(x) + αn−1(x), where αn−1(x) = α(1)(x) + α(2)(x) + α(3)(x) + α(4)(x). It can easily be observed
that αn−1(x) can be chosen to satisfy (4). The inductive construction is ﬁnished.
Now, to complete the proof, notice that the derivative series
∑∞
n=1 D(k)αn(x) is uniformly convergent for every k 0. This
shows that h = limhn is a C∞ map of the form h(x) = x + β(x), where sup{‖Dβ(x)‖ | x ∈ E} < 1. Repeating the argument
of [3, p. 631], we conclude that actually h is a real-analytic map, and, therefore, h is a real-analytic diffeomorphism by the
Inverse Function Theorem. Clearly, we have Φ(h(A)) = h(B). 
Corollary 2.3. Let (Φ0t ) be the ﬂow on E given by Φ
0
t (x) = x + te for any 0 = e ∈ E (that is, the ﬂow induced by the constant vector
ﬁeld v(x) = e on E). Then, for the conjugate real-analytic ﬂow (Φt) given by
Φt = h−1 ◦ Φ0t ◦ h,
where h is taken from Theorem 2.1 applied to Φ01 , we have Φ1(A) = B.
3. Approximating vector ﬁelds
Theorem 3.1. Let Φ be a bijection of Rn such that int(Fix(Φ)) = ∅. For any countable dense subsets A and B of Rn and every
continuous function ε : Rn → (0,∞), there exists a real-analytic diffeomorphism h : Rn → Rn such that Φ(h(A)) = h(B), and
∥∥h(x) − x∥∥< ε(x) and ∥∥Dh(x) − I∥∥< ε(x)
for every x ∈ Rn; here, I is the identity operator on Rn.
Another inspection of the proof of [3, Lemma 1] (see also the proof of Lemma 2.2) yields the following reﬁnement of
Lemma 2.2.
Lemma 3.2. Let β : Rn → (0,1/4) be a real-analytic function such that sup{‖Dβ(x)‖ | x ∈ Rn} < 1/4. Let h : Rn → Rn be a real-
analytic diffeomorphism of the form h(x) = x + α(x), where sup{‖Dα(x)‖ | x ∈ Rn} < 1. Let S = {s1, . . . , sn} ⊂ Rn and let c /∈ S
(resp., d /∈ h(S)). Then, for every ε > 0 there exists δ > 0 such that for every v ∈ Rn with ‖h(c)− v‖ < δ (resp., for every w ∈ Rn with
‖w − d‖ < δ), there exists a real-analytic function α¯ : Rn → Rn such that h¯(x) = x + α(x) + β(x)α¯(x) is a real-analytic diffeomor-
phism satisfying the following conditions:
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(2) h¯(c) = v (resp. h¯(w) = d);
(3) sup{‖D(k)α¯(x)‖ | x ∈ Rn} < ε for every k ∈ N ∪ {0}. 
Proof of Theorem 3.1. Assume ε(x) < 1/2. There exists a real analytic function β : Rn → (0,∞) such that β(x) < ε(x)/2 and
‖Dβ(x)‖ < ε(x)/2 for every x ∈ Rn (see [12]).
Only a few adjustments in the proof of Theorem 2.1 are needed. The real-analytic diffeomorphism will also be the limit
h = limhn , where hn = id+βα1 + · · · + βαn . The functions α1, . . . ,αn, . . . are those suitably obtained by an application of
Lemma 3.2. It therefore follows that α =∑∞n=1 αk is a real-analytic function such that ‖α(x)‖ < 1/2 and ‖Dα(x)‖ < 1/2 for
every x ∈ Rn . We have
∥∥D(βα)(x)∥∥ ∥∥α(x)Dβ(x)∥∥+ ∥∥β(x)Dα(x)∥∥< ε(x)/2+ ε(x)/2< ε(x).
This shows that h(x) = x + β(x)α(x) is a real-analytic diffeomorphism and that ‖Dh(x) − I‖ < ε(x). On the other hand,
‖h(x) − x‖ = ‖β(x)α(x)‖ < ε(x). 
Every locally Lipschitz vector ﬁeld v : E → E on a Banach space E induces a local ﬂow Φ(t, x) which is deﬁned on
{(t, x) | t−x < t < t+x , x ∈ E} ⊂ R × E , t−x < 0 < t+x , and satisﬁes v(x) = ddtΦ(t, x)|t=0 for every x ∈ E . If v is Ck smooth,
k ∈ N ∪ {∞} (resp., real analytic) then the induced local ﬂow is also Ck smooth (resp., real analytic).
In case (t−x , t+x ) = R for every x ∈ E , the induced local ﬂow (Φ(·, x)) is just a ﬂow. A ﬁeld v that induces a ﬂow is often
referred to as a complete ﬁeld. Below, we rephrase a pretty general suﬃcient condition on a vector ﬁeld to be complete
(see [11]).
Remark 1. A vector ﬁeld v : E → E is complete provided it satisﬁes the following conditions:
(a) ‖v(x)‖ M‖x‖ + C for some constants M,C  0, and
(b) for every R > 0, v is Lipschitz when restricted to the ball centered at the origin of radius R (that is, there exists LR > 0
such that ‖v(x1) − v(x2)‖ LR‖x1 − x2‖ for all ‖xi − x0‖ R , i = 1,2).
In particular, a locally Lipschitz vector ﬁeld v on Rn that is bounded (or, more generally, that satisﬁes condition (a)) is
complete.
Corollary 3.3. Let v0 : Rn → Rn be a complete (resp., bounded) real-analytic vector ﬁeld and let ε : Rn → (0,∞) be a continuous
function. For countable dense sets A, B ⊂ Rn, there exists a complete (resp., bounded) real-analytic vector ﬁeld v : Rn → Rn whose
induced ﬂow sends A onto B after time t = 1 and ‖v(x) − v0(x)‖ < ε(x).
Proof. Subjecting v0 to a slight perturbation, we may assume that, for the ﬂow Φ0t induced by v0, the set of ﬁxed points
of Φ0t , t = 0, has the empty interior. Apply Theorem 3.1 to the real-analytic diffeomorphism Φ = Φ01 to ﬁnd a real-analytic
diffeomorphism h : Rn → Rn such that Φ(h(A)) = h(B) and ‖h(x) − x‖ < δ(x) and ‖Dh(x) − I‖ < δ(x) for every x ∈ Rn and
some continuous function δ : R → (0,1/2) which will be speciﬁed later.
Deﬁne the complete ﬂow (Φt) by letting Φt(x) = h−1 ◦ Φ0t ◦ h(x) to obtain Φ1(A) = B . Clearly, the ﬂow (Φt) is induced
by the ﬁeld v(x) = ddtΦt(x)|t=0 = Dh−1(h(x))(v0(h(x))). We have
∥∥v(x) − v0(x)
∥∥= ∥∥Dh−1(h(x))(v0
(
h(x)
))− Dh−1(h(x))(v0(x)
)∥∥+ ∥∥Dh−1(h(x))(v0(x)
)− v0(x)
∥∥

∥∥Dh−1(h(x))∥∥∥∥v0
(
h(x)
)− v(x)∥∥+ ∥∥v0(x)
∥∥∥∥Dh−1(h(x))− I∥∥
 2
∥∥v0
(
h(x)
)− v0(x)
∥∥+ ∥∥v0(x)
∥∥∥∥Dh−1(h(x))− I∥∥
because Dh−1(h(x)) = (Dh(x))−1 and ‖Dh(x)‖ 1/2 (which implies ‖Dh−1(h(x))‖ 2). Also ‖I−(Dh(x))−1‖ = ‖(Dh(x))−1 ◦
Dh(x) − (Dh(x))−1‖  ‖(Dh(x))−1‖‖Dh(x) − I‖ < 2δ(x) for every x ∈ Rn , and consequently ‖Dh−1(h(x)) − I‖  2δ(x). This
shows that
∥∥v(x) − v0(x)
∥∥ 2(∥∥v0
(
h(x)
)− v0(x)
∥∥+ ∥∥v0(x)
∥∥δ(x)).
By the continuity of the function ε, there exists a continuous function δ : R → (0,1/2) such that ‖v0(y) − v0(x)‖ < ε(x)/4
provided ‖y−x‖ < δ(x), x ∈ Rn . Hence, ‖v0(h(x))− v0(x)‖ < ε(x)/4 if ‖h(x)−x‖ < δ(x). Additionally assuming ‖v0(x)‖δ(x) <
ε(x)/4, we obtain ‖v(x) − v0(x)‖ < 2(ε(x)/4+ ε(x)/4) = ε(x). 
Remark 2. The assertion of Corollary 3.3 likely extends to inﬁnite-dimensional Hilbert spaces. Moreover, for a given p ∈ N,
the estimate on v can be improved to ‖D(k)v(x) − D(k)v0(x)‖ < ε(x) for k = 2,3, . . . , p.
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Let f : X → X be a C p map on a C p manifold X , p ∈ N ∪ {∞} modeled on a Banach space E . For locally ﬁnite atlases
U = (Ui, φi) and V = (V j,ψ j) on X , a cover F = {Fi} of X consisting of closed sets such that Fi ⊂ Ui and f (Fi) ⊂ V j for
some j = j(i), continuous ε : X → (0,∞), and n ∈ N, we now describe a neighborhood Wn( f , ε(x)) = Wn( f , U , V, ε(x)) of f
in the (so-called strong) topology for the space C p(X) of C p mappings of X → X : For g ∈ C p(X), we let g ∈ Wn( f , ε(x)) if,
for all pairs (i, j) with f (Fi) ⊂ V j , we have g(Fi) ⊂ V j and
∥∥D(k)(ψ j ◦ g ◦ φ−1i
)(
φi(x)
)− (D(k)ψ j ◦ f ◦ φ−1i
)(
φi(x)
)∥∥< ε(x)
for every x ∈ Fi and every k = 0,1, . . . ,min(p,n) (the latter restriction is added in case p = ∞; we set min(∞,n) = n). We
will be restricting the strong topology to the subspace of diffeomorphisms Diffp(X) of the manifold X . Clearly, for a suitable
choice of U , F , and ε : X → (0,∞), anytime g ∈ W 1(id) = W 1(id, U , U , ε(x)) and g ∈ C p(X), we have that g ∈ Diffp(X).
Recall that a Banach space E is Bp smooth, p ∈ N, if it admits a C p function φ : E → [0,1] whose support supp(φ) =
{x ∈ E | φ(x) > 0} is nonempty and bounded, and whose pth derivative is Lipschitz. The space E is B∞ smooth if it is Bp
smooth for every p ∈ N. The Hilbert spaces are B∞ smooth but the space c0 (which is C∞ smooth) is not B1 smooth.
Theorem 4.1. For p ∈ N ∪ {∞}, let X be a C p manifold modeled on a Bp smooth Banach space E (in particular, a Hilbert space) and
let Φ be a bijection of X such that int(Fix(Φ)) = ∅. For any countable dense subsets A and B of X, there exists a C p diffeomorphism
h : X → X such that Φ(h(A)) = h(B). Moreover, h can be taken arbitrarily close to the identity in the strong topology on Diffp(X).
The following C p version of Lemma 2.2 is essentially that of [3, Lemma 2]. (In the proof of Lemma 2.2, replacing the
function β with φ from the above deﬁnition of Bp-smoothness one obtains the required conditions below, in particular,
a crucial condition (1)).
Lemma 4.2. Let E be a Bp smooth Banach space, p ∈ N ∪ {∞}, and h : E → E be a C p diffeomorphism of the form h(x) = x + α(x),
where sup{‖Dα(x)‖ | x ∈ E} < 1. Let U ⊂ E be an open set. Then for every c ∈ U (resp., h−1(d) ∈ U ), for every ε > 0, and for every
n ∈ N, there exists δ > 0 such that for every v ∈ E with ‖h(c) − v‖ < δ (resp., for every w ∈ E with ‖w − h−1(d)‖ < δ) there exists a
C p diffeomorphism h¯ : E → E satisfying the following conditions:
(1) h¯|E \ U = h|E \ U ;
(2) h¯(c) = v (resp. h¯(w) = d);
(3) sup{‖D(k)h¯(x) − D(k)h(x)‖ | x ∈ E} < ε for every k = 0,1, . . . ,min(p,n).
Remark 3. Lemma 4.2 holds if h is merely a diffeomorphism of an open set G ⊂ E , U¯ ⊂ G , onto its image h(G), which is an
open subset of E .
Proof of Theorem 4.1. Let U = (Ui, φi) be a locally ﬁnite atlas of X and F = {Fi}, a cover consisting of closed subsets
of X with Fi ⊂ Ui for all i, and ε : X → (0,1) be chosen so that a C p map g : X → X is a C p diffeomorphism provided
g ∈ W 1(id, ε(x)) = W 1(id, U , U , ε(x)) can be arbitrary. Since we can assume that X is connected, the atlas (Ui, φi) and the
cover {Fi} are countable (cf. [2, p. 286]). We will construct a required C p map h with h ∈ W 1(id, ε(x)).
We may assume that ∂Ui ∩ (A ∪ B) = ∅ for every i. We will follow the proof of Theorem 1.1, and construct C p maps αn
and C p diffeomorphisms hn of X satisfying conditions (1)–(3) of the proof of Theorem 1.1 together with:
(4) hn ∈ Wn(hn−1,2−nε(x));
(5) hn(Ui) = Ui for every i.
After the sequence {hn} is constructed, we let h = limhn .
Suppose that h0 = id,h1, . . . ,hn−1 have been constructed. First, if necessary, we need to perturb hn−1 in order to obtain
c = Φ(hn−1(an)) /∈ hn−1(An−1∪Bn−1) and c = hn−1(an). Let Ui1 , . . . ,Uis be the list of all elements of the atlas that contain an .
Take an open set U ⊂ U¯ ⊂ Ui1 ∩ · · · ∩ Uis , an ∈ U , and U ∩ U¯ i = ∅ for all i = il , l = 1, . . . , s. Pick one i = il , l = 1, . . . , s, and
consider the diffeomorphism h = φi ◦ hn−1 ◦ φ−1i of φi(Ui) onto its image. Apply Lemma 4.2 (see Remark 3) to ﬁnd a C p
diffeomorphism h¯ such that h¯ = h off of φi(U ), h¯(φi(an)) = v , where v is close to h(φi(an)), and ‖D(k)h¯(y) − D(k)h(y)‖ <
2−nε(φ−1i (y)) for every y ∈ φi(U ) and every k = 0,1, . . . ,min(p,n). Actually, one can deﬁne h¯(y) = h(y)+α(y)(v −φi(an)),
where the term α(y)(v − φi(an)) is a small perturbation of the zero function in a neighborhood of φi(an) (see the proof of
[3, Lemma 2]). If the latter term is small enough, one can guarantee that, for any other j = il , l = 1,2, . . . , s, we have∥∥D(k)(φ j ◦ φ−1i ◦ h¯ ◦ φi ◦ φ−1j
)
(y) − D(k)(φ j ◦ φ−1i ◦ h ◦ φi ◦ φ−1j
)
(y)
∥∥< 2−nε(φ−1j (y)
)
for every y ∈ φ j(U j) and every k = 0,1, . . . ,min(p,n). Deﬁne g¯(x) = φ−1i ◦ h¯ ◦ φi(x) for x ∈ Ui and g¯(x) = gn−1(x) for
x ∈ X \ U¯ . Then, for a suitable choice of v , g¯ is a C p diffeomorphism of X with g¯|An−1 ∪ Bn−1 = hn−1|An−1 ∪ Bn−1,
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‖D(k)(φ j ◦ g¯ ◦ φ−1j )(φ j(x)) − D(k)(φ j ◦ hn−1 ◦ φ−1j )(φ j(x))‖ < 2−nε(x) for every x ∈ F j and k = 0,1, . . . ,min(p,n). This shows
that g¯ ∈ Wn(hn−1,2−nε(x)). Additionally, we can arrange that Φ(g¯(an)) ∈ ∂Ui for no i. Now, following the above approach,
we can proceed as in the proof of Theorem 2.1 to obtain a required C p diffeomorphism hn . 
Let X be a C p smooth manifold modeled on a Banach space E , p  2. A vector ﬁeld on X is a C p−1 mapping v : X → T X
such that v(x) ∈ Tx(X) for every x ∈ X ; here, T X (more precisely, π : T X → X ) is the C p−1 tangent bundle on X . Locally,
T X can be thought of as U × E , where U is an open subset of X , and v as x → (x, ξ(x)), x ∈ U ; ξ is called the principal
part of v . Every such v induces a C p−1 smooth local ﬂow Φ(t, x) which is deﬁned on {(t, x) | t−x < t < t+x , x ∈ X} ⊂ R × X ,
t−x < 0 < t+x , and satisﬁes v(x) = ddtΦ(t, x)|t=0 for every x ∈ X . As previously, if, for a ﬁeld v , (t−x , t+x ) = R for every x ∈ X ,
then the induced local ﬂow (Φ(·, x)) is just a ﬂow. Such a ﬁeld v is referred to as a complete ﬁeld on X . Here is a necessary
condition that guarantees that the ﬂow induced by a C p−1 vector ﬁeld v on a C p smooth (ﬁnite- or inﬁnite-dimensional)
manifold X is complete (see [8] and [11]).
Proposition 4.3. Let v be a C p−1 vector ﬁeld on a C p smooth manifold X, p  2. Assume there are reals r,M > 0 such that, for every
x ∈ X there exists a coordinate map (U , φ) satisfying the conditions:
(1) the principal part of v, together with its derivative, are bounded by M relative to (U , φ), and
(2) the ball of radius r centered at φ(x) is entirely contained in φ(U ).
Then, v is a complete vector ﬁeld. In particular, every C p−1 vector ﬁeld on a compact manifold is complete.
Also, a vector ﬁeld v is complete, in case the manifold X is embedded as a closed submanifold in Rn for some n, v is locally Lipschitz
and ‖v(x)‖ M‖x‖ + C for every x ∈ X and some M,C  0.
Here is a consequence of Theorem 4.1:
Corollary 4.4. Let v0 be a complete C p−1 vector ﬁeld on a C p smooth manifold modeled on a Bp smooth Banach space, p  2. Let
A and B be countable dense subsets of X . There exists a complete C p−1 vector ﬁeld v on X that induces the ﬂow (Φt) such that
Φ1(A) = B. Moreover, v can be made arbitrarily close to v0 in the strong topology.
Proof. Slightly perturbing v0, we may assume that, for the ﬂow Φ0t induced by v0, the set of ﬁxed points of Φ
0
t , t = 0, has
the empty interior. We apply Theorem 4.1 to the C p diffeomorphism Φ = Φ01 and ﬁnd a C p diffeomorphism h : X → X such
that Φ(h(A)) = h(B). Moreover, we can additionally require that h is arbitrarily close to id in the strong topology on C p(X).
Deﬁne the complete ﬂow (Φt) by letting Φt(x) = h−1 ◦ Φ0t ◦ h(x) to obtain Φ1(A) = B . Clearly, the complete ﬂow (Φt) is
induced by the ﬁeld v(x) = ddtΦt(x)|t=0 = Dh−1(h(x))(v0(h(x))). By letting h suitably close to id in the strong topology, we
can assure that v(x) is close to v0 as well. 
Remark 4. In case that X is an inﬁnite-dimensional C p Hilbert manifold (that is, a manifold modeled on a separable inﬁnite-
dimensional Hilbert space H), then by an application of the open embedding theorem [5], X may be considered as an
open subset U of H . A C p−1 vector ﬁeld v0 is complete on U provided it can be extended to a complete C1 vector ﬁeld
v0 : H → H with v0(x) = 0 for x /∈ U , in particular, if such an extension has bounded derivative. Then, by an application of
Lemma 4.2, the proof of Theorem 4.1 and Corollary 4.4 can be simpliﬁed to the effect that an explicit construction of h can
be found (that is, the employment of coordinate maps for the manifold X would be avoided).
This can be generalized as follows.
Corollary 4.5. Let E be a Bp smooth Banach space and U be an open subset of E. Let Φ be a bijection of U such that int(Fix(Φ)) = ∅.
For any countable dense subsets A and B of U , there exists a C p diffeomorphism h : E → E, which is the identity off of U and such that
Φ(h(A)) = h(B). Furthermore, if v0 is a complete C p−1 vector ﬁeld on E which vanishes off of U , then there exists a complete vector
ﬁeld v which is arbitrarily close to v0 in the strong topology, sends A onto B after time t = 1, and is the identity off of U .
5. For strongly locally homogeneous spaces
An x0 ∈ X is a point of strong local homogeneity if x0 has an open basis of neighborhoods {Ui} such that, for every y ∈ Ui ,
there exists a homeomorphism of X which carries x0 onto y and h is the identity off of Ui . The set of all points of strong
local homogeneity of X is denoted by Lhm(X). According to [2, p. 139], Lhm(X) is an open subset of X . Inspecting the proof
of Theorem 2.1, we obtain the following counterparts of some results contained in [2, pp. 139–145]. Below, we write
U = Lhm(X).
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int(Fix(Φ)) = ∅. For any countable dense subsets A and B of U there exists a homeomorphism h of X such that Φ(h(A)) = h(B)
and h is the identity on the complement of U . Moreover, h can be found arbitrarily close to the identity; that is, for a compatible
metric d0 on X and continuous ε : U → (0,∞), there exists such an h with d0(h(x), x) < ε(x), x ∈ U .
Lemma 5.2. For every compatible metric ρ on U , every set S = {s1, . . . , sn} ⊂ U , every homeomorphism h of U , every c ∈ U \ S, and
every ε > 0, there exists δ > 0 such that, for every y ∈ U with ρ(h(c), y) < δ, there exists a homeomorphism h¯ of U that satisﬁes the
following conditions:
(1) h¯|S = h|S;
(2) h¯(c) = y;
(3) sup{ρ(h¯(x),h(x)) | x ∈ U } < ε.
Proof. The assertion is equivalent to the one for the special case of h = id (obviously, the restriction ρ(h(c), y) < δ is
replaced by ρ(c, y) < δ). This follows from the fact that the homeomorphism group H(Z) of a complete space Z with the
topology determined by a neighborhood basis {Nd(h) | dis a complete metric on Z} of h ∈ H(Z), where
Nd(h) =
{
g ∈ H(Z) ∣∣ sup
z∈Z
d
(
g(z),h(z)
)
 1
}
is a topological group (cf. [2, p. 121]).
Let us ﬁnd h¯ for h = id. Since c is a point of strong local homogeneity of X , there exists δ > 0 such that, for every y ∈ U
with ρ(c, y) < δ, there exists a homeomorphism h¯ of U which carries c onto y and h¯(x) = x for every x ∈ S and every x ∈ U
for which ρ(c, x) ε/4. Hence, ρ(h¯(x), x) < ε/2 for every x ∈ U . 
Proof of Theorem 5.1. Let d be a complete metric on U . Enumerate A = {ai}∞i=1 and B = {bi}∞i=1. Use the above lemma and
apply the procedure from the proof of Theorem 2.1 to construct towers of ﬁnite sets {An} and {Bn} of A and B , respectively,
and a homeomorphism hn of U satisfying conditions (1)–(3) from the proof of Theorem 2.1 and
(4) sup{max(d(hn(x),hn−1(x)),d(h−1n (x),h−1n−1(x))) | x ∈ U } < 2−n .
(Again, as in the proof of Lemma 5.2, use the fact that H(U ) is a topological group; so, supx∈U d(h¯−1(x),h−1(x)) is small
provided supx∈U ρ(h¯(x),h(x)) 1 for some metric ρ .) Now, (4) implies that h(x) = limhn(x) deﬁnes a homeomorphism of U
(see [2, p. 121]). We further have Φ(h(A)) = h(B) and supx∈U d(h(x), x) 1. Since d has been an arbitrarily complete metric
on U , it follows (cf. [2, p. 121]) that, for every continuous function ε : U → (0,∞), there exists such a homeomorphism h
of U with d0(h(x), x) < ε(x) for every x ∈ U . Choosing ε(x) d0(x, X \ U ) for every x ∈ U , we can extend h over X \ U by
setting h(x) = x for every x ∈ X \ U . 
Remark 5. Assume that a complete metrizable space X satisﬁes the assertion of Lemma 5.2 (or, equivalently, this same
assertion is satisﬁed for just the case of h = id). If X has no isolated points then it has the Φ∗-CDH property for every bi-
jection Φ of X with int(Fix(Φ)) = ∅ (and, hence, X has CDH, see Introduction). Furthermore, the desired homeomorphism h
in Deﬁnition 1.1 can be taken arbitrarily close to the identity in the topology on H(X) described in the proof of Lemma 5.2.
For a ﬁnite-dimensional (topological) manifold M with boundary M˙ , Lhm(M) = M \ M˙ . Hence, we have:
Corollary 5.3. Let M be a ﬁnite-dimensional manifold M. Its interior M \ M˙ is Φ∗-CDH for every bijection Φ with int(Fix(Φ)) = ∅.
More precisely, for any countable dense subsets A and B of M \ M˙, there exists a homeomorphism h of M such that Φ(h(A)) = h(B)
and such that h is the identity on the boundary M˙.
The space P below has no isolated points and Lhm(P ) = P (cf. [2, p. 145]). Hence, we have:
Corollary 5.4. Let Mn be a connected (ﬁnite- or inﬁnite-dimensional)Hilbert manifold, n ∈ N, such that one of the following conditions
is satisﬁed:
(1) all Mn are without boundary;
(2) all Mn are ﬁnite-dimensional and M˙n = ∅ for inﬁnitely many n;
(3) at least one Mn is inﬁnite-dimensional.
Then P =∏∞n=1 Mn is Φ∗-CDH for every bijection Φ with int(Fix(Φ)) = ∅.
Specifying P to be the Hilbert cube, we have:
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Proof. Identify Q with the countable product of the unit disk {z ∈ C | |z| 1}. Consider the ﬂow Φ0t (z) = (eiπt zn), z = (zn) ∈
Q , t ∈ R. Apply Corollary 5.4 to the bijection Φ01 (z) = −z and obtain a homeomorphism h of Q such that Φ(h(A)) = h(B).
The conjugated ﬂow (Φt) given by Φt = h−1 ◦ Φ0t ◦ h does the job. 
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